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Theory of finite periodic systems: The eigenfunctions symmetries
Pedro Pereyra
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Av. S. Pablo 180, C.P. 02200, Me´xico D. F., Me´xico
(Dated: October 3, 2018)
Using the analytical expressions for the genuine eigenfunctions ϕµν(z) and eigenvalues Eµ,ν ,
of open, bounded and quasi-bounded finite periodic systems, we derive the eigenfunctions space-
inversion symmetry relations. The superlattice eigenfunctions symmetries, closely related with the
symmetries and zeros of the Chebyshev polynomials of the second kind Un, are fully written in
terms of the number of unit cells n, the subband index µ and the intra-subband index ν.
PACS numbers: PACS Numbers: 03.65.Ge, 42.50.-p, 68.65.-k, 68.65.Cd
I. INTRODUCTION
The eigenfunctions and eigenvalues derived within
the finite periodic system theory, for open (scatter-
ing), bounded and quasi-bounded superlattices,1–3 are
the genuine quantum solutions for the actual Maxwell
and Shro¨dinger equations for periodic systems. The ex-
plicit expressions obtained for the energy eigenvalues and
eigenfunctions have been successfully applied to study a
number of physical systems where particles and waves
pass through, or become confined giving rise to impor-
tant physical transitions and phenomena.4–12 Our pur-
pose here is to discuss and determine the parity symme-
tries for the resonant functions and for the eigenfunctions
of open and bounded systems, respectively.
The superlattices (SLs), introduced in the early days
of the quantum theory to describe ‘peculiar’ metallic
crystals,13 has had a large evolution,14–17 and many prop-
erties, among them the electronic states in long-period
SL alloys and the propagation of electromagnetic waves
through periodic media, have been studied.18–30 The de-
velopment of techniques to grow semiconductor hetero-
layers, first suggested by Kroemer31 and intensively pur-
sued in the race to achieve better optical devices,32–36
reached in the 70’s the ability to produce semiconduc-
tor SLs.37,38 The interest in semiconductor SLs grew im-
mensely after the fundamental contributions on optoelec-
tronics and resonant tunneling.39–45
The impact of the development of semiconductor SLs
has been enormous. It opened the possibility of build-
ing an unlimited variety of artificial periodic systems; at
the same time it has repositioned a fundamental prob-
lem in the quantum theory, the problem of solving the
Schro¨dinger equation of periodic systems, taking into ac-
count the finiteness nature as a fundamental requisite.
With SLs, the finiteness characteristic becomes more ev-
ident than ever. A SL, or a multiple-quantum well struc-
ture, is conceptually a system closer to simple struc-
tures like the quantum well, the double-quantum bar-
rier, etc. With SLs, the theoretical descriptions in terms
of concepts valid for infinite periodic systems, became
less appropriate at the same time that an alternative
theory, the theory of finite periodic systems (TFPS),
emerged.1–4,46–56 The TFPS is a theory that rests on the
basis of a single-cell quantum solution, while the stan-
dard theory rest on Bloch’s theorem.57,58 This theorem
and the ensuing Bloch function, rigorously valid for in-
finite systems, were crucial for the development of solid
state physics and the theoretical description of macro-
scopic crystalline systems, which, generally, contain a
large number of unit cells. Nevertheless, the appearance
of SLs is leading, steadily, to introduce a different but
suitable approach, appropriate not only for these systems
but also for simpler crystalline structures.
Given the explicit representations of eigenfunctions of
finite-periodic systems and the increasing use of super-
lattices in the active zone of laser devices, it is interest-
ing and useful to study, analytically, and determine the
space-inversion symmetries of these functions. The par-
ity relations derived here are particularly appropriate for
layered structures, from double barrier to superlattices.
After a brief outline of the TFPS we will derive, in section
II, the symmetry relations of the Chebysheb polynomials
and those of the resonant states in open superlattices. In
section 4, we deal with SLs bounded by hard walls and
the symmetries of their eigenfunctions. Finally, in sec-
tion 5, we derive the space-inversion symmetry relations
of the eigenfunction of SLs bounded by lateral barriers
with finite height, and we will end up with some conclu-
sions.
II. FUNDAMENTALS OF THE THEORY OF
FINITE PERIODIC SYSTEMS
At variance with the attempts to adapt the standard
theory to finite lattice descriptions, using forces and
boundary conditions,58 a different approach, mathemat-
ically simpler and conceptually neat, with roots in the
theoretical approaches to optical waves in periodic struc-
tures and the electronic transport through disordered
conductors,18,19,59–65 has grown and gradually developed
into the actual theory of finite periodic systems, with
applications in a great diversity of topics.7,9,66–75 The
original aim of calculating transport properties through
a simple one-dimensional periodic potential, has evolved
into the theoretical approach to describe the transport
through periodic structures with arbitrary number n of
2unit cells, arbitrary number N of physical channels or
propagating modes and arbitrary potential profiles, and
for the calculation of energy eigenvalues and the corre-
sponding eigenfunctions. The TFPS, is based on the
transfer matrix method, which properties allow to write
the n-cells transfer matrixMn asM
n, withM the single-
cell transfer matrix. This relation has been then trans-
formed into the non-commutative recurrence relation55,56
pn − (β
−1αβ + α∗)pn−1 + pn−2 = 0. (1)
where α and β are the (1,1) and (1,2) blocks of the
2N × 2N transfer matrix M . This problem was solved
and matrix polynomials pn of dimension N×N were
obtained.55,56 In terms of the matrix polynomials pn, the
transmission amplitudes are given by
tTn = (pn − β
−1αβpn−1)
−1, (2)
In the widely used one-dimensional, one-propagating
mode limit, equation (1) is the recurrence relation of the
well known Chebyshev polynomial of the second kind,
Un, evaluated at the real part of α = αR + iαI . In this
case, the transmission amplitude becomes
tn = (Un − αUn−1)
−1. (3)
This result known in the electromagnetic theory, for
stratified media,18,19,60,61 was rediscovered in the 1D
approaches for electronic transport through layered
structures.46–54,56 Besides the resonant levels, wave func-
tions and transmission coefficients of open SLs, bona fide
eigenvalues and eigenfunctions, for bounded and quasi-
bounded 1D periodic systems, were also obtained.1–3,7,69
When SLs are used in the active zone of light emitting
devices, an important quantity to calculate is the optical
response based on the golden rule
|〈ψf |Hint|ψi〉|
2/[Ef − Ei + ~ω)
2 + Γ2i ], (4)
where Hint represents the light-matter interaction, |ψi〉
and |ψf 〉 the initial and final states, Ei and Ef the corre-
sponding energies and Γi the decay rate. To calculate ex-
plicitly the optical response it is necessary to know the SL
eigenfunctions and the correspondent eigenvalues. How
is then that not knowing explicitly the eiegenfunctions
and eigenvalues, the optical responses have been so far
calculated. The matrix elements are replaced by the so-
called oscillator strengths determined, generally, through
indirect and rather cumbersome procedures.
In the theory of finite periodic systems, each subband is
characterized by a set of eigenfunctions φµν (z) and eigen-
values Eµν .
1–3 In the numerical calculation of transition
probabilities and the evaluation of the large number of
integrals like ∫
dzϕv
µ′ ,ν′
(z)
∂
∂z
ϕcµ,ν(z), (5)
the eigenfunction symmetries play a fundamental role.
The superindices v and c stand for valence and conduc-
tion bands. Our purpose here is to consider the ana-
lytical expressions obtained in Ref. [3] for the resonant
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FIG. 1. An open SL with n unit cells. The coordinate z
at any point in the j + 1 cell, (where j =1, 2, ...,n), can be
written as z = jlc + δz.
functions and the eigenfunctions of open, and bounded
and quasi-bounded superlattices, and to determine their
space-inversion symmetries that will support the optical-
transition selection rules. We will show that each eigen-
function φµν (z) has a well defined symmetry, determined
by the number of unit cells n, the subband index µ and
the intra-subband index ν.
III. SYMMETRIES OF CHEBYSHEV
POLYNOMIALS AND THE RESONANT STATES
IN OPEN PERIODIC SYSTEMS
We will assume that a n-cell system is connected to
ideal leads. Even though the results that will be obtained
here are valid in general, i.e. for any specific shape of the
single cell potential profile, we will consider in this sec-
tion and the coming ones, SLs with sectionally-constant
potential, as shown in figure 1, known also as the finite
Kronig-Penney model.
A well know feature of the transmission coefficients, of
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 
1,3,5,...µ =
1nU −
10n =
FIG. 2. The zeros of the Chebyshev polynomial Un−1 co-
incide with cos(νpi/n + (µ − 1)pi), where ν, µ= 1, 2, 3, .., are
the intrasubband and subband indices, respectively. At these
points Un=± 1 (see black points).
3finite periodic structures, is the resonant behavior. The
transmission coefficient Tn=|tn|
2 is 1 whenever the in-
coming energy coincides with the resonant energies. It
was shown in the theory of finite periodic systems that,
independently of the specific potential shape, the trans-
mission coefficient Tn can be written as
|tn|
2
=
|t|
2
|t|
2
+ U2n−1(1− |t|
2
)
, (6)
where |t|
2
= 1/ |α|
2
is the single-cell transmission coeffi-
cient. It is clear from this equation that the transmission
resonances occur precisely when the polynomial Un−1 be-
comes zero. This result76 could also be inferred from
equation (3) and the Chebyshev polynomials properties
shown in figure 2, where the Chebyshev polynomials Un
and Un−1 are plotted for n = 10. In this figure we see, on
one side, that the points xν where Un−1 is zero, coincide
with the cosine of (ν + (µ− 1)n)pi/n for ν =1,2,3,...n−1
and µ =1,2,3,..., where, on the other side, the Chebyshev
polinomial Un is either +1 or −1. Therefore, the points
xν define the conditions of complete transmission. Con-
sequently, the ν-th resonant energy in the µ-th band is
the solution of
(αR)µ,ν = cos
ν + (µ− 1)n
n
pi. (7)
Solving this equation we obtain the whole set of reso-
nant energies {Eµ,ν}, which are some times denoted as
{E∗µ,ν}. We will not use this notation to avoid confusion
with the complex conjugation. Given these energies the
corresponding resonant states are straightforwardly ob-
tained. An older report of this kind of functions appear
in Ref. [4]; we shall however consider the resonant func-
tions reported in Ref. [3]. The state vector at any point
z inside the j+1 cell in figure 1, using the transfer matrix
definition applied to this system, becomes
Φ(z) =M(z, zo)Φ(zo) =Mp(z, zj)Mj(zj, zo)
(
ao
bo
)
.
(8)
Here
Mj(z, zj) =
(
αj βj
β∗j α
∗
j
)
, (9)
is the transfer matrix that connects the state vector at the
left side of the SL with the state vector at zj = zo + jlc,
thus αj = Uj − α
∗Uj−1, βj = βUj−1. Mp is the transfer
matrix that connects the state vectors at zj and at z =
zj + δz. If we write this matrix as
Mp(z, zj) =
(
αp βp
γp δp
)
(10)
and we assume that the incidence is only from the left
hand side, we have
bo = −
β∗n
α∗n
ao = rnao, (11)
n = 7
  e[Ψ1,1]
 
 
R
R  e[Ψ1,2]
R  e[Ψ2,1]
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FIG. 3. Real parts of the resonant wave functions Ψ1,1, Ψ1,2,
Ψ2,1 and Ψ2,2, for an open SL with n=7. In this case the
parity P
[
Re[Ψµ,ν ]
]
is given by (−1)ν+µ+1. See Eq. (18). For
this graph and for the following ones, we consider that the
barrier height is Vb = 0.4165eV, the well width a=3nm and
the barrier width b=6nm.
where αn and βn are the matrix elements of the transfer
matrix Mn, ao is a normalization constant and rn the
total reflection amplitude; on the other side, the wave
function can be written as
Ψ(z, E) =
[
(αp + γp)
(
αj − βj
β∗n
α∗n
)
+(βp + δp)
(
β∗j − α
∗
j
β∗n
α∗n
)]
ao (12)
with the resonant wave functions given by
Ψµ,ν(z) = Ψ(z, Eµ,ν). (13)
In order to determine the space-inversion symmetries of
these functions, we will consider pairs of points, symmet-
ric with respect to the middle point of the SL, that will
coincide with the z-axis origin. We will explicitly evaluate
the eigenfunctions at those points and derive the symme-
try relations. Let the points zn = L/2 and at zo = −L/2.
At these points, αp = δp = 1 and βp = γp = 0. At zo,
αj = 1 and βj = 0, but at zn, αj = αn and βj = βn.
Taking into account that αnα
∗
n − βnβ
∗
n = 1, we have
Ψµ,ν(−L/2) = (1 −
β∗n
α∗n
)ao = (1 + rn)ao (14)
Ψµ,ν(L/2) =
1
α∗n
ao = tnao (15)
4R
R
R
e[Ψ1,1]
e[Ψ
2,2
]
E1,1
0-L/2 L/2
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FIG. 4. Real parts of the resonant wave functions Ψ1,1, Ψ1,2,
Ψ2,1 and Ψ2,2, for an open SL with n=8. In this case the
parity P
[
Re[Ψµ,ν ]
]
is given by (−1)ν . See Eq. (18). Shown
in grey at the background is the structure of the SL
Since
tn
∣∣∣
E=Eµ,ν
=
1
Un
∣∣∣
E=Eµ,ν
and rn
∣∣∣
E=Eµ,ν
= 0, (16)
we end up with the relation
Ψµ,ν(L/2) =
1
Un
Ψµ,ν(−L/2), (17)
which shows that the parity of the resonant eigenfunc-
tions depends on the Chebychev polynomial Un evalu-
ated at the resonant energies. As before equation (7), a
simple analysis, supported by figure 2, shows that
1
Un
∣∣∣
Eµ,ν
=
{
(−1)ν for n even
(−1)ν+µ+1 for n odd.
(18)
These are important symmetries that will be used below.
From here on, and to simplify the notation, it will be
understood that whenever Ψµ,ν appears, the other quan-
tities are also evaluated at E = Eµ,ν .
In figures 3 and 4, we plot the real parts of the resonant
wave functions Ψ1,1, Ψ1,2, Ψ2,1 and Ψ2,2, for n=7 and
n=8, respectively. Their symmetries correspond with
those in (18). Notice that for n odd, the wave function
parity depends also on the subband index µ. How are
the symmetries of the imaginary parts? To this purpose,
let us explore the resonant wave function (12), at points
inside the SL. Let these points be z1 = −L/2 + lc and
zn−1 = L/2− lc. At these points we have
Ψµ,ν(z1) =
(
α+ β∗ − (β + α∗)
β∗n
α∗n
)
ao (19)
and
Ψµ,ν(z1) =
(
αn−1+β
∗
n−1 − (βn−1+α
∗
n−1)
β∗n
α∗n
)
ao. (20)
Taking into account that β∗n|Eµ,ν = βUn−1|Eµ,ν = 0 and
taking into account the identities2
αn−1 = αnα
∗ − βnβ
∗, (21)
βn−1 = −αnβ + βnα, (22)
we obtain
Ψµ,ν(z1) = (α+ β
∗)ao (23)
and
Ψµ,ν(zn−1) = (α
∗ − β∗)
1
α∗n
ao, (24)
whose real parts satisfy the relation
Re[Ψµ,ν(zn−1)] =
1
Un
αR + βR
αR − βR
Re[Ψµ,ν(z1)]. (25)
When βR = 0 and the norm symmetry requirement for
symmetric SL wave functions, is met,77 we have
Re[Ψµ,ν(zn−1)] =
1
Un
Re[Ψµ,ν(z1)]. (26)
This relation coincides with (17) and agrees with the
wave function symmetries, shown in figures 3 and 4.
On the other hand, the imaginary parts of Ψµ,ν(z1) and
Ψµ,ν(zn−1) satisfy the relation
Im[Ψµ,ν(zn−1)] = −
1
Un
Im[Ψµ,ν(z1)] (27)
In figure 5 we plot the imaginary parts of the resonant
states in the first subband. They fulfill the symmetries
of −Un, as the last equation suggests. This relation to-
gether with the symmetry relation for the real part, imply
that
Ψµ,ν(L/2− lc) =
1
Un
Ψ∗µ,ν(−L/2 + lc). (28)
Therefore the resonant wave functions’ space-inversion
symmetries, of open and symmetric 1D superlattices, are
given by
Ψµ,ν(z) =
1
Un
Ψ∗µ,ν(−z). (29)
or
Ψµ,ν(z)=
{ (−1)νΨ∗µ,ν(−z) for n even
(−1)ν+µ+1Ψ∗µ,ν(−z) for n odd
(30)
This relation comprises all the results known, so far, for
the resonant 1D SL wave-function symmetries. In the
next sections we will derive symmetry relations for su-
perlattice eigenfunctions.
5I
I
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]
I  m[Ψ1,2]
  m[Ψ
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FIG. 5. Imaginary parts of the resonant wave functions Ψ1,1,
Ψ1,2, Ψ1,3 ... Ψ1,6, for an open SL with n=7. Now the parity
P
[
Im[Ψµ,ν ]
]
, according with Eqs. (18), (27), and (30), is
given by (−1)ν+1.
z1z0
. . .
zj zn-1 zn
. . .
1 2 j+1 n
zj+1
lc
FIG. 6. Parameters of a bounded SL with exactly n cells.
IV. EIGENFUNCTIONS’ SYMMETRIES IN
BOUNDED SUPERLATTICES
There is a family of optoelectronic devices where the
active SLs are bounded systems. Generally, they are
bounded by thick cladding layers, and the confining po-
tentials are modeled with finite-height lateral barriers.
In these systems, the SL eigenfunctions penetrate the
lateral barriers and decay exponentially. The physics of
this kind of systems, that we called quasi-bounded SLs,
is rather similar to that of the bounded SL by hard walls
or completely confined SLs as were named in Ref. [7].
In the completely confined SLs, the wave functions van-
ish at the walls and the eigenvalues and eigenfunctions
a b
z1z0
. . .
lc
zj
Vo
zn-1 zn
. . .
j+11 2
FIG. 7. Parameters of a bounded n-cells SL with extra half
wells at the ends.
equations are slightly simpler that for the quasi-bounded
SLs by finite-height lateral walls. Let us consider now
the infinite walls case.
It was shown in Ref. [3] that the eigenvalues Eµ,ν of
a bounded SL, in the 1D one-mode approximation, are
obtained from
αn + β
∗
n = α
∗
n + βn, (31)
or equivalently, from
Un−1(αI − βI) = 0, (32)
when the distance between the hard walls is L = nlc,
with exactly n unit cells between the hard walls, as in
figure 6. When the bounded SL is like in figure 7, with
an extra half well at the ends, the distance between the
walls is L = nlc + a, and the eigenvalues are obtained
from
αne
ika + β∗n = α
∗
ne
−ika + βn, (33)
that can be written as
Un sinka+ (αI cos ka− αR sinka− βI)Un−1 = 0, (34)
where αI and βI are the imaginary parts of α and β,
the elements (1,1) and (1,2) of the single-cell transfer
matrix. We will see now an interesting change in the
eigenfunction symmetries of these cases. Let us discuss
now the easiest case of SLs whose total length is L = nlc.
IV.1. Eigenfunction symmetries of bounded SL
with length L = nlc
In this case, according with the eigenvalue equation
(32), we have, on one side, the eigenvalues determined
by the zeros of the Chebyshev polynomial Un−1. On the
other, the vanishing of the factor αI − βI provides, as
was shown in Ref. [3], the eigenvalues that correspond
to the surface states. The contribution of surface states
to optical transitions will depend on the relation Vw/Vo,
between the chadding barriers height Vw and the SLs
barrier height Vo. We will restrict the symmetry analy-
sis to eigenfunctions that correspond to the eigenvalues
that nullify the Chebyshev polynomial Un−1. When the
length of the bounded SL is L = nlc, the wave function
at any point −L/2 ≤ z ≤ L/2 is given by
Ψb(z, E)=A
[
(αp + γp)
(
αj − βje
iθn
)
+ (βp + δp)
(
β∗j − α
∗
je
iθn
)]
, (35)
60 L/2-L/2
Ψ1,1
 
b
bΨ2,1
b
n=10
bΨ1,2
E2,2
E2,1
E1,2
E1,1
Ψ2,2
FIG. 8. Real parts of the resonant wave functions Ψ1,1, Ψ1,2,
Ψ2,1 and Ψ2,2, for a bounded SL with length L = nlc and
n=10. In this case the parity P
[
Ψµ,ν
]
is given by (−1)ν+1.
See Eq. (44).
where A is a normalization constant and
eiθn =
αn + β
∗
n
α∗n + βn
. (36)
The eigenfunctions are obtained from
Ψbµ,ν(z) = Ψ
b(z, Eµ,ν). (37)
It is easy to verify that the eigenfunctions satisfy
the boundary conditions78, i.e. that Ψbµ,ν(−L/2) =
Ψbµ,ν(L/2)=0. To unveil the wave functions’ symme-
tries, we can evaluate the eigenfunctions at any other two
points, symmetric with respect to the origin. For exam-
ple, at z = z1 = −L/2 + lc and at z = zn−1 = L/2− lc.
At these points, αp = δp = 1 and βp = γp = 0. At
z1, αj = α and βj = β, while at zn−1, αj = αn−1 and
βj = βn−1. Notice that, because of the eigenvalues equa-
tion, eiθn
∣∣
Eµ,ν
= 1. Thus
Ψbµ,ν(z1) = A(α− β + β
∗ − α∗). (38)
Similarly, we have
Ψbµ,ν(zn−1) = A(αn−1 − βn−1 + β
∗
n−1 − α
∗
n−1). (39)
Using the identities (21) and (22) we obtain
Ψbµ,ν(zn−1) = A(αn + β
∗
n)(α
∗ + β − β∗ − α), (40)
which means
Ψbµ,ν(L/2− lc) = −(αn + β
∗
n)Ψ
b
µ,ν(−L/2 + lc). (41)
b
b
b
Ψ1,1
b
E2,2
E2,1
E1,2
E1,1
0 L/2-L/2
Ψ1,2
Ψ2,1
n=11Ψ2,2
FIG. 9. Real parts of the resonant wave functions Ψ1,1, Ψ1,2,
Ψ2,1 and Ψ2,2, for a bounded SL with length L = nlc and
n=11. In this case the parity P
[
Ψµ,ν
]
is given by (−1)µ+ν .
See Eq. (44).
Since the imaginary part of αn + β
∗
n, according with the
eigenvalues equation is zero, we are left with
(αn+β
∗
n)|Eµ,ν =[Un−α
∗Un−1]
∣∣∣
Eµ,ν
= Un
∣∣∣
Eµ,ν
. (42)
Therefore
Ψbµ,ν(L/2− lc) = −UnΨ
b
µ,ν(−L/2 + lc), . (43)
Taking into account the Chebyshev polynomial symme-
tries in equation (18), we end up with
Ψbµ,ν(z)=
{ (−1)ν+1Ψbµ,ν(−z) for n even
(−1)ν+µΨbµ,ν(−z) for n odd
(44)
The eigenfunctions Ψb1,1, Ψ
b
1,2, Ψ
b
2,1 and Ψ
b
2,2, for n=10
and n=11, respectively, are shown in figures 8 and 9. It
is clear from these graphs that the parity symmetries, of
equation (44), are fulfilled.
IV.2. Eigenfunction symmetries for bounded SLs
with length L = nlc + a
It was shown, also in Ref. [3], that for this kind of
system, where all wells have the same width, the wave
7Ψb1,1
Ψb1,2
Ψb2,1
Ψb2,2
n = 10
E2,1
E2,2
E1,2
E1,1
0 L/2-L/2
FIG. 10. Real parts of the resonant wave functions Ψ1,1, Ψ1,2,
Ψ2,1 and Ψ2,2, for a bounded SL with length L = nlc + a and
n=10. In this case the parity P
[
Ψµ,ν
]
is given by (−1)ν+µ.
See Eq. (53).
function at any point −L/2 − a/2 ≤ z ≤ L/2 + a/2 is
given by
Ψb(z, E)=aoe
ika/2
[
(αp + γp)
(
αj − βje
iθn
)
+ (βp + δp)
(
β∗j − α
∗
je
iθn
)]
, (45)
with ao a normalization constant and
eiθn =
αn + β
∗
ne
−ika
α∗ne
−ika + βn
. (46)
Also in this case, it is easy to verify79 that the eigenfunc-
tions vanish at the walls, i.e. that Ψbµ,ν(−L/2 − a/2) =
Ψbµ,ν(L/2 + a/2)=0. Again, to unveil the wave func-
tions’ symmetries, we can evaluate the eigenfunctions at
any two symmetric points, say at zo = −L/2 and at
zn = L/2. At these points, αp = δp = 1 and βp = γp = 0.
At zo, αj = 1 and βj = 0, while, at zn, αj = αn and
βj = βn. Thus
Ψb(zo, Eµ,ν) = aoe
ika/2
(
1− eiθn
)
, (47)
and
Ψb(zo, Eµ,ν) = aoe
ika/2
(
αn + β
∗
n − (βn + α
∗
n)e
iθn
)
.(48)
Using the eigenvalues equation (33), we have
Ψb(zo, Eµ,ν) = ao(e
ika/2 − e−ika/2). (49)
n = 11
Ψb1,1
Ψb2,1
Ψb2,2
0 L/2-L/2
Ψb1,2
E2,2
E2,1
E1,2
E1,1
FIG. 11. Real parts of the resonant wave functions Ψ1,1, Ψ1,2,
Ψ2,1 and Ψ2,2, for a bounded SL with length L = nlc+ a and
n=11. In this case the parity P
[
Ψµ,ν
]
is given by (−1)ν+1.
See Eq. (53).
and
Ψb(zn, Eµ,ν) = ao
e−ika/2 − eika/2
α∗ne
−ika + βn
. (50)
This means that
Ψbµ,ν(L/2) = −
1
α∗ne
−ika + βn
Ψbµ,ν(−L/2). (51)
It turns out that the factor (α∗ne
−ika+βn)
∣∣
E=Eµ,ν
, whose
imaginary part vanishes because of the eigenvalues equa-
tion, takes the values
1
α∗ne
−ika + βn
∣∣∣
E=Eµ,ν
=
{
(−1)ν for n odd
(−1)ν+µ+1 for n even
(52)
Therefore, the eigenfunction symmetries of bounded SL
with length L = nlc+a, like in figure 7, are the following
Ψbµ,ν(z)=
{
(−1)ν+1Ψbµ,ν(−z) for n odd
(−1)ν+µΨbµ,ν(−z) for n even
(53)
In figures 10 and 11, we plot the eigenfunctions Ψb1,1,
Ψb1,2, Ψ
b
2,1 and Ψ
b
2,2, for n=10 and n=11, respectively.
It is clear from these graphs that the spacial inversion
eigenfunction symmetries, described in equation (53), are
fulfilled.
8a b
z1z0
. . .
lc
zj
Vo
zn-1 zn
. . .
j+11 2
Vw
FIG. 12. Parameters of a quasi-bounded n-cells SL with lat-
eral barrier height Vw=0.5783eV.
It is worth noticing the important differences between
the eigenfunction symmetries of a SL with length L = nlc
and those of a SL with length L = nlc + a. Let us now
discuss the more realist case of SL bounded by lateral
barriers with finite height, as shown in Fig. 12.
V. EIGENFUNCTIONS SYMMETRIES IN
QUASI-BOUNDED SUPERLATTICES
Confined superlattices are found in the active zone of
SL lasers, where periodic structures are grown within
cladding layers or reflection layers. The blue emitting
SLs studied by Nakamura et al. are some examples. For
a bounded SL like in figure 12, the eigenvalues equation
was given in Ref. [3] as
hwUn + fwUn−1 = 0, (54)
with
hw =
q2w − k
2
2qwk
sin ka+ cos ka. (55)
and
fw =
q2w − k
2
2qwk
(αI cos ka− αR sin ka)− αR cos ka
−αI sinka− βI
q2w + k
2
2qwk
(56)
Here qw =
√
2m∗(Vw − E)/~2 is the wave number in
the side barriers. It is also easy to verify that the wave
function at any point z, in the j + 1 cell, is given by
Ψqb(z, E)=
ao
2k
[(
(αp+γp)αj+(βp+δp)β
∗
j
)
eika/2(k−iqw)
+
(
(αp+γp)βj+(βp+δp)α
∗
j
)
e−ika/2(k+iqw)
]
,
(57)
with ao a normalization constant and the matrices αp,
..., βj as defined before. The eigenfunctions are obtained
also from
Ψqbµ,ν(z) = Ψ
qb(z, Eµ,ν). (58)
At the borders of the lateral barriers, i.e. at −L/2 and
n = 10
E2,2
E2,1
E1,2
E1,1
0-L/2 L/2
Ψqb1,1
Ψqb1,2
Ψqb2,1
 
 
Ψqb2,2
FIG. 13. Real parts of the resonant wave functions Ψ1,1,
Ψ1,2, Ψ2,1 and Ψ2,2, for a quasi-bounded SL with length L =
nlc+ a and n=10. In this case the parity P
[
Ψµ,ν
]
is given by
(−1)ν+µ. See Eq. (61).
at L/2, the eigenfunctions are non-zero. The relation
between the wave functions at these points is
Ψqbµ,ν(L/2)=
[k2+q2w
2kqw
(αnR sin ka+ αnI cos ka)
+
k2−q2w
2kqw
βnI
]
Ψqbµ,ν(−L/2). (59)
The factor multiplying the function Ψbµ,ν(−L/2) turns
out to be also +1 or -1, as in the previous cases, with
symmetries similar to those of (α∗ne
−ika + βn)
∣∣
E=Eµ,ν
,
in the bounded SL with length L = nlc + a. Similar
relations can be obtained for any other pair of symmetric
points. If we choose, for example, the points at z = z0 =
−L/2 + a/2 and z = zn = L/2 − a/2, we will find the
relation
Ψqbµ,ν(L/2− a/2)=
[
(βnI − αnI)
k sin ka/2− qw cos ka/2
k cos ka/2 + qw sin ka/2
+αnR
]
Ψqbµ,ν(−L/2 + a/2). (60)
with the same symmetries as in (59). Thus, the quasi-
bounded SL eigenfunctions symmetries, at any point z,
are given by
Ψqbµ,ν(z)=
{
(−1)ν+1Ψqbµ,ν(−z) for n odd
(−1)ν+µΨqbµ,ν(−z) for n even
(61)
9E2,2
E2,1
E1,2
E1,1
0 L/2-L/2
Ψqb1,1
Ψqb1,2
 
Ψqb2,1
Ψqb2,2 n = 11
FIG. 14. Real parts of the resonant wave functions Ψ1,1,
Ψ1,2, Ψ2,1 and Ψ2,2, for a quasi-bounded SL with length L =
nlc+ a and n=11. In this case the parity P
[
Ψµ,ν
]
is given by
(−1)ν+1. See Eq. (61).
In figures 13 and 14, we plot the eigenfunctions Ψqb1,1,
Ψqb1,2, Ψ
qb
2,1 and Ψ
qb
2,2, for n=10 and n=11, respectively.
Again the spatial inversion symmetries described in (61)
are realized in the specific examples. Notice that the
symmetries in quasi-bounded superlattices are the same
as in the completely bounded SLs.
VI. CONCLUSIONS
We presented here a comprehensive derivation of the
eigenfunction symmetries for open, bounded and quasi-
bounded 1D periodic structures. These properties are
fundamental in the theory of periodic systems and for
applications, particularly for optical transition calcula-
tions. We have shown that the eigenfunctions are either
even or odd, and we have found that these eigenfunction
parities are fully determined by the number of unit cells
n and by the subband and intrasubband indices µ and ν.
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